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We present a precise calculation of the pion form factor using overlap fermions on six ensembles
of 2+1-flavor domain-wall configurations with pion masses varying from 137 to 339 MeV. Taking
advantage of the fast Fourier transform and other techniques to access many combinations of source
and sink momenta, we find the pion mean square charge radius to be 〈r2pi〉 = 0.433(9)(13) fm2, which
agrees with the experimental result, including the systematic uncertainties from chiral extrapolation,
lattice spacing and finite volume dependence. We also find that 〈r2pi〉 depends on both the valence
and sea quark masses strongly and predict the pion form factor up to Q2 = 1.0 GeV2 which agrees
with experiments very well.
Introduction: The electric form factor fpipi(Q
2),
Q2 ≡ −(p′ − p)2 ≥ 0, is defined from the pionic matrix
element and its slope at Q2 = 0 gives the mean square
charge radius
〈pii(p′)|V jµ (0)|pik(p)〉 = iijk(pµ + p′µ)fpipi(Q2), (1)
〈r2pi〉 ≡ −6
dfpipi(Q
2)
dQ2
|Q2=0, (2)
where V jµ = ψ¯
1
2τ
jγµψ is the isovector vector current,
τ i are the Pauli matrices in flavor space, and |pii〉 are
the pion triplet states. 〈r2pi〉 has been determined pre-
cisely based on the existing pie scattering data [1–3]
and e+e− → pi+pi− data [4, 5] averaged by the Particle
Data Group (PDG) [6] as 〈r2pi〉 = 0.434(5) fm2. Phe-
nomenologically, fpipi(Q
2) is fitted quite well over the
range 0 < Q2/m2ρ < 0.4 with the single monopole form
(1 + Q2/Λ2)−1, with Λ ∼ mρ. This gives credence to
the idea of vector dominance [7, 8]. In chiral perturba-
tion theory, 〈r2pi〉 has been calculated with SU(2) Chiral
Perturbation Theory [9] at NNLO and also at NLO with
SU(3) formula [10], which entails the uncertainties of the
low energy constants.
Since lattice QCD is an ab initio calculation and the
experimental determination of 〈r2pi〉 from the pie scatter-
ing is very precise, it provides a stringent test for lat-
tice QCD calculations to demonstrate complete control
over the statistical and systematic errors in estimates
of the relevant pionic matrix element. Over the years,
the pion form factor has been calculated with quenched
approximation [11, 12], and for the Nf = 2 [13–17],
Nf = 2 + 1 [18–23] and Nf = 2 + 1 + 1 [24] cases.
∗ genwang27@uky.edu
In this work, we use valence overlap fermions to calcu-
late the pion form factor on six ensembles of domain-wall
fermion configurations with different sea pion masses, in-
cluding two at the physical pion mass, four lattice spac-
ings and different volumes to control the systematic er-
rors. Due to the multi-mass algorithm available for over-
lap fermions, we can effectively calculate several valence
quark masses on each ensemble [25–27] and also O(100)
combinations of the initial and final pion momenta with
little overhead with the usage of the fast Fourier trans-
form (FFT) algorithm [28] in the three-point function
contraction. This allows us to study both the sea and the
valence quark mass dependence of 〈r2pi〉 in terms of par-
tially quenched chiral perturbative theory, besides giving
an accurate result at the physical pion mass.
Lattice L3 × T a (fm) La (fm) mpi(MeV) mpiL ncfg
24IDc 243 × 64 0.195 4.66 141 3.33 231
32ID 323 × 64 0.143 4.58 172 3.99 199
32IDh 323 × 64 0.143 4.58 250 5.80 100
48I 483 × 96 0.114 5.48 139 3.86 81
24I 243 × 64 0.111 2.65 340 4.56 202
32I 323 × 64 0.083 2.65 302 4.05 309
TABLE I. The ensembles and their respective lattice size
L3 × T , lattice spacing a, pion mass mpi and number of con-
figurations ncfg.
Numerical details: We use overlap fermions on
six ensembles of HYP smeared 2+1-flavor domain-wall
fermion configurations with Iwasaki gauge action (la-
beled with I) [29, 30] and Iwasaki plus the Dislocation
Suppressing Determinant Ratio (DSDR) gauge action
(labeled with ID) [31] as listed in Table I. The effec-
tive quark propagator of the massive overlap fermions
is the inverse of the operator (Dc + m) [32, 33], where
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2Dc is chiral, i.e., {Dc, γ5} = 0 [34]. And it can be ex-
pressed in terms of the overlap Dirac operator Dov as
Dc = ρDov/(1 − Dov/2), with ρ = −(1/(2κ) − 4) and
κ = 0.2. A multi-mass inverter is used to calculate the
propagators with 2 to 6 valence pion masses varying from
the unitary point to ∼ 390 MeV. On 24I, 32I and 24IDc
(c stands for the coarse lattice spacing), Gaussian smear-
ing [35] is applied with root mean square (RMS) radius
0.49 fm, 0.49 fm and 0.53 fm, respectively, for both source
and sink. On 48I, 32ID and 32IDh (h for heavier pion
mass), box-smearing [36, 37] with box half size 0.57 fm,
1.0 fm and 1.0 fm, respectively, is applied as an econom-
ical substitute for Gaussian smearing.
To extract pionic matrix elements, the three-point
function (3pt) C3pt(τ, tf, ~pi, ~pf) is computed,
C3pt =
∑
~xf,~z
e−i~pf·~xfe−i~q·~z 〈T[χpi+(xf)V 34 (z)χ†pi+(G)]〉
=
∑
~xf,~z
e−i~pf·~xfe−i~q·~z 〈Tr[γ5S(G|z)γ4S(z|xf)γ5S(xf|G)]〉 ,(3)
where χpi+(~x, t) = d¯(~x, t)γ5u(~x, t) is the interpolating
field of the pion with u and d the up and down quark
spinors, S(y|x) is the quark propagator from x to y,
z ≡ {τ, ~z}, xf ≡ {tf, ~xf}, ~pi and ~pf is the initial and final
momentum of the pion, respectively, ~q = ~pf − ~pi is the
momentum transfer, and G is the smeared Z3-noise grid
source [38]. The disconnected insertions in Eq.(3) vanish
in the ensemble average [12].
S L+ S Hd
(0) (xf)
V (z)
u
FIG. 1. Illustration of the pion three-point function with
stochastic sandwich method. LMS is applied for the propa-
gator between the current at z and the sink at xf with FFT,
but not for the propagators from the source at 0.
In practice, S(G|z) in Eq. (3) is calculated with the
γ5 hermiticity, i.e., S(G|z) = γ5S†(z|G)γ5, and S(z|xf)
is usually obtained in the sequential source method with
γ5S(xf|G) as the source [39, 40]. The calculation of the
sequential propagators would need to be repeated for dif-
ferent ~pf and different quark mass m, so that the cost
would be very high when dozens of momenta and multiple
quark masses are calculated. Instead, we use the stochas-
tic sandwich method [41, 42], but without low mode sub-
stitution (LMS) for S(xf|G) since it is not efficient for
pseudoscalar mesons [25]. However, the separation of
sink position xf and current position z in splitting the
low and high modes for the propagator S(z|xf) between
the current and sink can facilitate FFT along with LMS
which is still useful here. As shown in Fig. 1, S(z|xf) can
be split into the exact low mode part based on the low
lying overlap eigenvalues λi and eigenvectors vi of the i th
eigenmode of Dc, plus the noise-source estimate S
H
noi of
the high mode part,
S(z|xf) = SL(z|xf) + SH(z|xf),
SL(z|xf) =
∑
λi≤λc
1
λi +m
vi(z)v
†
i (xf),
SH(z|xf) = 1
nf
nf∑
j=1
SHnoi(z, ηj)η
†
j (xf),
(4)
where λc is the highest eigenvalue in LMS and is much
larger than the quark mass m with the typical number
of eigenmodes nv ∼ 200 on 24I and 32I, and nv ∼ 900
on 32ID, 32IDh, 24IDc and 48I; and SHnoi(z, ηj) is the
noise-estimated propagator for the high modes with the
low-mode deflated Z3 noise ηj(xf) [41, 42]. Sink smearing
is applied on all the sink spatial points xf of noise ηj(xf)
and eigenvectors v†i (xf ).
Thus C3pt can be decomposed into factorized forms
within the sums of the eigenmodes for the low modes
and the nf number of noises ηj for the high modes,
C3pt(τ, tf, ~pi, ~pf) = 〈
∑
λi≤λc Tr[
1
λi+m
GLi (~q, τ)F
L
i (~pf, tf)]
+
∑nf
j=1
1
nf
Tr[GHj (~q, τ)F
H
j (~pf, tf)]〉, (5)
where
GLi (~q, τ) =
∑
~z
e−i~q·~zγ5S(G|z)γ4vi(z), (6)
FLi (~pf, tf) =
∑
~xf
e−i~pf·~xfv†i (xf)γ5S(xf|G), (7)
GHj (~q, τ) =
∑
~z
e−i~q·~zγ5S(G|z)γ4SHnoi(z, ηj), (8)
FHj (~pf, tf) =
∑
~xf
e−i~pf·~xfη†j (xf)γ5S(xf|G), (9)
which are calculated by using FFTs on the spatial points
~z and ~xf for each G
L
i , F
L
i , G
H
j and F
H
j to obtain any
~q and ~pf with the computational complexity O(V logV )
with V the lattice spatial volume. Compared with the
stochastic sandwich method for a fixed ~pf which also in-
cludes the summation over the spatial points ~z and ~xf ,
eigenvectors vi and noises ηj , the additional cost factor of
using FFTs O(logV ) is only of order ∼ 7 for our largest
48I lattice. This allows us to calculate any combination
of ~q and ~pf without much additional cost compared to
the traditional stochastic sandwich method.
Analysis and results: The source-sink separations tf
used in this work with different ensembles are collected
in Table II. The largest tf is ∼ 2.0 fm on the coarsest
lattice 24IDc and the smallest one is ∼ 0.7 fm on the
finest lattice 32I.
3Lattice ni nt ns tf/a nf nmeasncfg
24IDc 4 2 3 6, 7, 8, 9, 10 4, 4, 6, 4, 4 49896
32ID 6 2 2 9, 10, 11 4, 5, 12 19104
32IDh 6 2 2 9, 10, 11 4, 5, 12 9600
48I 5 3 4 8, 10, 12 4, 8, 12 77760
24I 8 1 2 10, 11, 12 3, 5, 5 12928
32I 8 1 2 8, 12, 15 4, 8, 12 19776
TABLE II. The lattice setup of this calculation. The ni sets
of smeared noise-grid sources with {ns, ns, ns, nt} points in
{x, y, z, t} directions, respectively, are placed on the lattice to
improve the statistics, and nf sets of S
H
noi at 2nt sink time
slices at i T
nt
tf and T − i Tnt tf with i = {1 · · ·nt}. On a given
configuration, the total number of the propagators we gener-
ated is ni + nf and nmeas = nin
3
snt which is the number of
measurements of 3pt.
There are two momentum setups used in this work: the
special |~pi| = |~pf| case and the general |~pi| 6= |~pf| one. For
the general momentum setup |~pi| 6= |~pf|, we parametrize
the 3pt with momentum transfer ~q = ~pf − ~pi by
C3pt(τ, tf, ~pi, ~pf) =
Z~piZ~pf(Ei + Ef)
EiEfZV
fpipi(Q
2)
× (e−Eiτ−Ef(tf−τ) + e−Ei(T/2+τ)−Ef(tf−τ))
+ C1e
−Eiτ−E1f (tf−τ) + C2e−E
1
i τ−Ef(tf−τ)
+ C3e
−E1i τ−E1f (tf−τ) + C4e−Ei(T/2−tf)−Eh(tf−τ),
(10)
where Z~p is the spectral weight and E and E
1 is the
ground state and first-excited state energy, respectively.
Z~pi , Z~pf , Ei, Ef, E
1
i and E
1
f are constrained by the joint
fit with the corresponding two-point function (2pt). ZV
is the finite normalization constant for the local vector
current which is determined from the forward matrix el-
ement as ZV ≡ 2E〈pi(p)|V4|pi(p)〉 . C1, C2 and C3 are free
parameters for the excited-state contaminations. Since
we have put two sources at t = 0 and t = T/2 for most
ensembles to increase statistics, we need a term with C4
and Eh to account for the case that the current insertion
is outside of the time window between the source and the
sink. The details of fittings are given in the supplemen-
tary materials [43].
For the special |~pi| = |~pf| case, one can simply calculate
the ratio of 3pts, and obtain the pion form factor by the
following parametrization of the ratio R1,
R1(τ, tf, ~pi, ~pf) = C3pt(τ, tf, ~pi, ~pf)/C3pt(τ, tf, ~pi, ~pi)
= fpipi(Q
2) +B1(e
−∆Eτ + e−∆E(tf−τ)) +B2e−∆Etf ,
(11)
where the terms with B1 and B2 are the contribu-
tions from the excited-state contamination, and ∆E =
E1(~pi)− E(~pi) is the energy difference between the pion
energy E(~pi) and that of the first excited-state E
1(~pi).
These energies are also constrained by the joint fit with
the corresponding 2pt. Since the excited-state contami-
nations of the forward matrix element in the denominator
are known to be small and the contribution from C4 term
in Eq. (10) is suppressed by e−E(~pi)T/2 with ~pi 6= ~0 for
both the denominator and numerator, we have dropped
them in the parametrization of the ratio and our fits can
describe the data with χ2/d.o.f. ∼ 1. Fig. 2 shows a sam-
ple plot for 32ID with the unitary pion mass of 174 MeV
at Q2 = 0.146 GeV2. In view of the fact that the data
points are symmetric about τ = tf/2, within uncertainty,
it reassures that the sink smearing implemented under
the FFT contraction has the same overlap with the pion
state as that of the source smearing.
3 2 1 0 1 2 3
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FIG. 2. Example of the ratios of the special |~pi| = |~pf| case
on 32ID with various values of source-sink separation tf and
current position τ . The data points agree well with the bands
predicted from the fit, and the gray band is for the ground
state form factor fpipi(Q
2).
To obtain fpipi(Q
2), we have done a model-independent
z-expansion [44] fit using the following equation with
kmax ≥ 3.
fpipi(Q
2) =
kmax∑
k=0
akz
k
z(t, tcut, t0) =
√
tcut − t−
√
tcut − t0√
tcut − t+
√
tcut − t0 ,
(12)
where t = −Q2, and fpipi(0) = 1 after nor-
malization which leads to the constraint
a0 = 1−
∑kmax
k=1 akz
k(t = 0, tcut, t0); tcut = 4m
2
pi,mix
corresponds to the two-pion production thresh-
old with m2pi,mix = (m
2
pi,v +m
2
pi,sea)/2 + ∆
I/D
mix a
2, the
partially-quenched pion mass with mixed-action ef-
fect included [45], mpi,v the valence pion mass and
mpi,sea the sea pion mass; ∆
I
mix = 0.041(6) GeV
4 and
∆IDmix = 0.0105(5) GeV
4; and t0 is chosen to be its
“optimal” value topt0 (Q
2
max) = tcut(1−
√
1 +Q2max/tcut)
to minimize the maximum value of |z|, with Q2max
maximum Q2 under consideration.
With z-expansion fitting using Eq. (12), the charge ra-
dius of pion can be obtained through the definition in
Eq. (2). The 〈r2pi〉 on different lattices with different va-
lence pion masses are plotted in Fig. 3. We see that there
is a strong dependence on the valence pion masses from
the data points on each of the ensembles. Also, from
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FIG. 3. Pion radius squared 〈r2pi〉 as a function of m2pi,mix.
Data points with different colors correspond to the results on
the six ensembles with different sea pion masses.
the comparison of 32ID and 32IDh, we see that the data
points line up as a function of m2pi,mix which evinces a
strong dependence on the sea pion mass. The follow-
ing fitting form as a function of m2pi,mix is used which
includes an essential divergent log term from the SU(3)
NLO ChPT [10, 46],
〈r2pi〉 = 〈r2pi〉phys + b1ln
m2pi,mix
m2pi,phys
+ b
I/ID
2 a
2 +
b3e
−mpi,mixL
(mpi,mixL)
3/2
,
(13)
where the b1 term reflects the pion mass dependence,
mpi,phys = 139.57 MeV is the physical pion mass, L is
the spatial size of the lattice, the b
I/ID
2 terms reflect the
lattice spacing dependence for the two sets of ensembles
with different gauge actions (Iwasaki and Iwasaki plus
DSDR), and the b3 term accounts for the finite volume
effect [17, 47, 48]. Since the kaon mass only varies a lit-
tle in the current pion mass range, we do not include the
kaon log term in the fitting. In Fig. 3, the colored bands
show our prediction based on the global fit of 〈r2pi〉 with
χ2/d.o.f. = 0.65; the inner gray band shows our predic-
tion for the unitary case of equal pion mass in the valence
and the sea in the continuum and infinite volume limits
and the outer band includes the systematic uncertain-
ties from excited-state contaminations, z-expansion fit-
ting, chiral extrapolation, lattice spacing and finite vol-
ume dependence. One can see that our prediction of
〈r2pi〉 = 0.433(9)(13) fm2 at the physical point is in very
good agreement with the experimental result (the black
dot). The discretization errors across the Iwasaki gauge
ensembles are small while those across the Iwasaki plus
DSDR gauge ensembles are obvious; this is consistent
with what was found in the previous work with the DWF
valence quark on similar RBC ensembles [23].
In order to make a prediction of the form factor at the
continuum and infinite volume limits, we fit the inverse
of the fpipi(Q
2) data on different lattices with different
valence pion masses, as inspired from the NLO SU(2)
0.0 0.2 0.4 0.6 0.8 1.0
Q2 (GeV2)
0.200
0.300
0.400
0.500
0.600
0.700
0.800
0.900
1.000
f
(Q
2 )
This work
Experiment [CERN]
Experiment [DESY]
Experiment [Jlab]
FIG. 4. Comparison of the pion form factor fpipi(Q
2) at
physical pion mass with the CERN experiment at Q2 <
0.25 GeV2 [2] and the Jlab and DESY experiment data at
larger Q2 [49–53]. The inner gray band is the statistical error
and the outer band includes the systematic uncertainties.
ChPT expansion [9, 10],
1
fpipi(Q2)
= 1 +
Q2
6(4piFpi)2
[
l¯6 − ln
m2pi,mix
m2pi,phys
− 1 +R(s)
]
+Q2m2pi,mix(c1 + c2Q
2) + c
I/ID
3 a
2Q2 + c
I/ID
4 a
2Q4
+
Q2
(mpi,mixL)3/2
(c5 + c6
Q2
m2pi,mix
)e−MpiL,
(14)
in which Fpi and l¯6 are free parameters for fitting,
c1 and c2 correspond to possible NNLO effects, c
I/ID
3
and c
I/ID
4 reflect the lattice spacing dependence terms,
c5 and c6 correspond to the finite volume effect, and
R(s) = 23 +
(
1 + 4s
) [√
1 + 4s ln
√
1+ 4s−1√
1+ 4s+1
+ 2
]
. Since the
inverse of fpipi(Q
2) is mainly dominated by the NLO con-
tributions considering the vector dominace of the pion
form factor, fitting the inverse helps avoid the need of too
many low-energy constants from NNLO corrections [17].
The mean square charge radius of the pion from this
fitting is 〈r2pi〉 = 0.433(9) fm2, which is consistent with
the above analysis, with χ2/d.o.f. = 1.0. Our extrap-
olated result at the physical pion mass and continuum
and infinite volume limits for the curve fpipi(Q
2) includ-
ing the systematic uncertainties from excited-state con-
taminations, NNLO corrections, chiral extrapolation, lat-
tice spacing and finite volume dependence, is shown and
compared with experiments in Fig. 4; it goes through
basically all the experimental data points up to Q2 =
1.0 GeV2.
The details of the fitting and the systematic analysis of
fpipi(Q
2) and also 〈r2pi〉 are included in the supplementary
materials [43].
Summary: We have presented a calculation of the
pion form factor using overlap fermions with a range of
valence pion masses on six RBC/UKQCD domain-wall
ensembles including two which have the physical pion
5ETM 17
Brandt et al 13
JLQCD/TWQCD 09
ETM 08
QCDSF/UKQCD 06
Nf = 2
QCD 20 (this work)
Feng et al 20
JLQCD 15
JLQCD 14
Nf = 2 + 1
HPQCD 15Nf = 2 + 1 + 1
0.35 0.40 0.45 0.50 0.55
r2 (fm2)
PDG 19Experiment
FIG. 5. Summary of the pion radius result at the phys-
ical point. The lattice QCD results with different sea
flavors are collected in different blocks, while all the re-
sults are consistent with each other within uncertainties.
Numbers are from (QCDSF/UKQCD) [13], (ETM) [14],
(JLQCD/TWQCD) [15], (Brandt et al.) [16], (ETM) [17],
(JLQCD) [21, 22], (Feng et al.) [23], (HPQCD) [24], and
(PDG) [6].
mass. The lattice results for 〈r2pi〉 in the continuum and
infinite volume limits are compiled in Fig. 5 together with
that of experiment. Our globally fitted pion mean square
charge radius is 〈r2pi〉 = 0.433(9)(13) fm2, which includes
systematic errors from chiral extrapolation, finite lattice
spacing and others; it agrees with experimental value of
〈r2pi〉 = 0.434(5) fm2 within one sigma.
We find that 〈r2pi〉 has a strong dependence on both
the valence and sea pion masses. More precisely, it de-
pends majorly on the mass of the pion with one valence
quark and one sea quark. We also give the extrapolated
form factor fpipi(Q
2), and the result agrees well with the
experimental data points (up to Q2 = 1.0 GeV2).
Thus this work shows that the hadron form factor and
the corresponding radius can be studied accurately and
efficiently by combining LMS with the multi-mass algo-
rithm of overlap fermions and FFT on the stochastic
sandwich method, which provides the possibility to in-
vestigate the form factor of nucleon and its pion mass
dependence with relatively small overhead on multiple
quark masses and momentum transfers.
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SUPPLEMENTARY MATERIALS
A. Three-point functions fitting
With the usage of Wick contractions and gauge invariance, the three-point function (3pt) with two sources at time
slices 0 and T/2 has contributions from the three diagrams shown in Fig. 6. (We assume T/2 > tf > τ > 0.) The
diagram 6.(1) contributes
C3pt,(1)(τ, tf, ~pi, ~pf) =
Z~piZ~pf(Ei + Ef)
EiEfZV
fpipi(Q
2)(e−Eiτ−Ef(tf−τ))
+ C1e
−Eiτ−E1f (tf−τ) + C2e−E
1
i τ−Ef(tf−τ) + C3e−E
1
i τ−E1f (tf−τ),
(15)
which includes the first excited-state contaminations, the diagram 6.(2) contributes
C3pt,(2)(τ, tf, ~pi, ~pf) =
Z~piZ~pf(Ei + Ef)
EiEfZV
fpipi(Q
2)(e−Ei(T/2+τ)−Ef(tf−τ)), (16)
in which we have ignored the excited-state contaminations from the source at T/2 since such terms are suppressed by
e−E
1
i T/2 which is of order ∼ 10−8 with E1i ≈ 1.3 GeV estimated with the experimental value of the first excited-state
6of pion, and the diagram 6.(3) contributes
C3pt,(3)(τ, tf, ~pi, ~pf) = C4e
−Ei(T/2−tf)−Eh(tf−τ), (17)
in which this term corresponds to the creation of a hadron state with operator V4 = q¯γ4q at time slice τ with
momentum q as 〈h(q)|V4 |0〉, an annihilation of a pion state at time slice T/2 with momentum pi as 〈0|χ†pi+ |pi−(pi)〉
and an unknown matrix element 〈pi−(pi)|χpi+ |h(q)〉. The excited-state contaminations from E1i are ignored for the
same reason as in the previous discussion and the excited-state contaminations from E1h are ignored under current
statistics.
(1) (2)
(3)
0 tf 0T/2 tf
0 tf T/2
FIG. 6. Diagrams of pion three-point functions with sources at time slices 0 and T/2.
In order to test the functional form of C3pt,(3)(τ, tf, ~pi, ~pf), we construct 3pt with one source at time slice T/2 = 32
and sink time tf at 20, 21, 22 with ~pi = {0, 0, 0} and ~pf = {0, 0, 2piL }. Then we can evaluate the effective mass Eeffh and
Eeffi from C3pt,(3)(τ, tf, ~pi, ~pf) with
Eeffh (τ, tf) = ln
(
C3pt,(3)(τ + 1, tf, ~pi, ~pf)
C3pt,(3)(τ, tf, ~pi, ~pf)
)
, Eeffi (τ, tf) = ln
(
C3pt,(3)(τ + 1, tf, ~pi, ~pf)
C3pt,(3)(τ, tf − 1, ~pi, ~pf)
)
, (18)
in which Eeffi is evaluated by a simultaneous change of τ and tf to single out Ei from exponential e
−Ei(T/2−tf)−Eh(tf−τ).
And they should equal to Eh =
√
m2h + (~pf − ~pi)2 and Epi =
√
m2pi + ~p
2
i = mpi in the tf  τ limit, as confirmed in
Fig. 7 and the fit results in Fig. 9.
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FIG. 7. The plot on the left is of C3pt,(3) on 24I with mpi = 347 MeV, one source at time slice T/2, ~pi = {0, 0, 0} and
~pf = {0, 0, 2piL }. The correlation function is a rising exponential which confirms that Eh > 0 in Eq. (17). The plots in the
middle and right panels show the corresponding effective masses Eeffh and E
eff
i obtained with Eq. (18), respectively.
Thus the final functional form is C3pt = C3pt,(1) + C3pt,(2) + C3pt,(3) as
C3pt(τ, tf, ~pi, ~pf) =
Z~piZ~pf(Ei + Ef)
EiEfZV
fpipi(Q
2)× (e−Eiτ−Ef(tf−τ) + e−Ei(T/2+τ)−Ef(tf−τ))
+ C1e
−Eiτ−E1f (tf−τ) + C2e−E
1
i τ−Ef(tf−τ) + C3e−E
1
i τ−E1f (tf−τ) + C4e−Ei(T/2−tf)−Eh(tf−τ).
(19)
7The associated 2pt is fitted with
C2pt(t, ~p) =
Z2~p
E
(e−Et + e−E(T−t) + e−E(T/2−t) + e−E(T/2+t)) +A1(e−E
1t + e−E
1(T/2−t)), (20)
with A1 being a free parameter for the excited-state contributions and the exponential terms with T/2 account for
contributions from the source at T/2. An example of fitted energies is shown in Fig. 8. It can be seen that the first
excited-state energy E1 is close to the experimental value 1.3 GeV and it has been used to constrain the one in 3pt
by the joint fit of 2pt and 3pt to extract fpipi(Q
2).
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FIG. 8. Pion energies as a function of tini with [tini, 15] the fit-range of the 2pt on 32ID with pion mass 173.7 MeV at zero
momentum. The contributions from the first excited state are ignored for tini ≥ 6 under current statistics.
In order to test the fitting function of 3pt in Eq. (19), a comparison of the fitting of the one-source result with the
source at t = 0 and that of the two-source result with sources at t = 0 and 32 in the same inversion is shown in Fig. 9.
For illustrative purpose, the data points are shown with ratio R2,
R2(τ, tf, ~pi, ~pf) =
C3pt(τ, tf, ~pi, ~pf)
Z~piZ~pf (Ei+Ef)
4EiEfZV
(e−Eiτ−Ef(tf−τ) + e−Ei(T/2+τ)−Ef(tf−τ))
= fpipi(Q
2) + excited-state terms + C4 term,
(21)
in which Z~p and E are determined from the fitting of 2pt and ZV from 3pt at zero momentum transfer. It can be
seen that the two results agree with each other within uncertainty which again confirms our fitting formula.
Thus for the general momentum setup |~pi| 6= |~pf| we can proceed further to fit C3pt(τ, tf, ~pi, ~pf) together with
C3pt(τ, tf, ~pf, ~pi) which corresponds to the exchange of initial and final momentum. Fig. 10 shows example plots on
24IDc and 32ID. The data points are fitted well with Eq. (19) and the fit results are shown in bands with χ2/d.o.f. ∼ 1.
The data points for C3pt(τ, tf, ~p,~0) are lower and closer to the gray band since the C4 term has negative contribution
with a suppression factor e−E(~p)T/2 compared to the case of C3pt(τ, tf,~0, ~p) in which the C4 term has positive and
large contribution with only a suppression factor e−E(~0)T/2.
B. z-expansion fit and chiral extrapolation of pion radius
In order to remove the model dependence of the z-expansion fitting, we need to take kmax to be large enough such
that the fit results are independent of the precise value of kmax. One way of achieving this is putting a Gaussian
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FIG. 9. Joint fitting results on 24I with mpi = 347 MeV, ~pi = {0, 0, 0} and ~pf = {0, 0, 2piL }. The plot on the left corresponds
to the case of one source at time slice 0. The gray band is for the ground state form factor fpipi(Q
2) which is close to the
data points due to small excited-state contaminations. The plot on the right corresponds to the case of a source at each of
the time slices 0 and T/2. The gray band is far away from the rising data points due to the additional C4 term with fitted
Eh = 807(82) MeV which is consistent with the result of Fig. 7.
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FIG. 10. Examples of the ratios on 24IDc and 32ID with various values of source-sink separation tf and current position τ .
The plots show the general |~pi| 6= |~pf| case with square points ~pi = −~q, ~pf = 0 and dot points pi = 0, ~pf = ~q. The data points
agree well with the bands predicted from the fit, and the gray band is for the ground state form factor fpipi(Q
2).
bound on the z-expansion ak with central value 0. The choice of the Gaussian bound can be investigated using the
Vector Meson Dominance (VMD) model with rho meson mass mρ = 775 MeV,
fpipi(Q
2) =
1
1 +Q2/m2ρ
. (22)
A non-linear least squares fit of this analytical function with z-expansion fitting at kmax = 10 gives |ak/a0|max < 1.03,
in which we used tcut = 4m
2
pi,phys, t
opt
0 (Q
2
max) = tcut(1−
√
1 +Q2max/tcut) and Q
2
max = 1.0 GeV
2. Also by investigating
the z-expansion fits with kmax = 3 without priors of our data, we find |ak/a0|max < 3.0. Thus we propose the use of
conservative choice of Gaussian bound [44] with |ak/a0|max = 5 for the pion form factor. The z-expansion fitted pion
form factors up to Q2 ∼ 1.0 GeV2 for the six lattices with the same valence and sea pion mass are shown in Fig. 11
with χ2/d.o.f. ∼ [0.4, 0.9].
Another way to reach higher kmax and control the model dependence of fittings is using the fact that at the Q
2 →∞
limit fpipi(Q
2) falls as 1/Q2 up to logarithms [54, 55]. Thus we have Qkfpipi(Q
2)→ 0 for k = 0, 1 and follow the same
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FIG. 11. z-expansion fitting of the pion form factors on six gauge ensembles at their unitary pion mass with kmax = 3 and
|ak/a0|max = 5. The left panel is for the ensembles using Iwasaki gauge action and the Iwasaki+DSDR cases are shown in the
right panel.
argument in [44], this implies
dn
dzn
fpipi
∣∣∣∣
z=1
= 0, n = 0, 1, (23)
with z = 1 corresponding to the Q2 →∞ limit. These equations will lead to the two sum rules for pion form factors
as
∞∑
k=0
ak = 0,
∞∑
k=1
kak = 0. (24)
The estimates of the extrapolated charge radius of the pion using
〈r2pi〉 = 〈r2pi〉phys + b1ln
m2pi,mix
m2pi,phys
+ b
I/ID
2 a
2 +
b3e
−mpi,mixL
(mpi,mixL)
3/2
,
(25)
with different z-expansion fits are shown in Fig. 12. Since bI2 and b3 have no statistical significance, we use only three
free parameters 〈r2pi〉phys, b1 and bID2 in these fits. All the fits have good χ2/d.o.f. ∼ 0.6 with the central values and
error values varying a little. Thus we take the result shown in black 〈r2pi〉 = 0.4332(86) fm2 which corresponds to
kmax = 3 and |ak/a0|max = 5 as our fit result. The systematic uncertainties considered are listed as follows:
• The maximum difference between the result shown in black in Fig. 12 with the other fitted cases is treated as
the systematic uncertainty from z-expansion fitting.
• The systematic uncertainty from the excited-state contaminations is estimated by changing the fit-ranges of
2pt and 3pt on 32ID with pion mass 174 MeV at the smallest momentum transfer which results in fpipi(Q
2 =
0.051 GeV2) = 0.9158(14)(13); the second error corresponds to the systematic uncertainty from excited-state
contaminations. This case is chosen because of its good signal/noise ratio which has the most control of the final
result at close to physical pion mass and the smallest momentum transfer is chosen due to its largest influence
on the radius. In order to estimate the systematic uncertainty of the radius from the form factor at only one
small momentum transfer, we solve VMD model in Eq. (22),
1
1 + (0.051 GeV2)/mρ
= 0.9158(14)(13) (26)
with mρ as a free parameter. The predicted radius is 〈r2pi〉 = 6.0/mρ = 0.4190(74)(68) fm2. The second error
0.0068 fm2, which propagates from the systematic uncertainty of the form factor, is treated as the systmatic
uncertainty from the change of fit ranges for the extrapolated charge radius.
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FIG. 12. Comparison of extrapolated 〈r2pi〉 with z-expansion fits with different kmax. The first and second sets are the fits with
priors |ak/a0|max = 5 and |ak/a0|max = 10, respectively. The third and fourth sets are the similar fits along with the sum rules
in Eq. (24).
• We added a linear dependence term between the charge radius of the pion and the pion mass squared as b4M2pi
to Eq. (25) proposed by SU(2) NNLO ChPT [9] and repeated the fit with four free parameters 〈r2pi〉phys, b1, bID2
and b4. The coefficient b4 is consistent with zero and the prediction changed by 0.0032 fm
2 which is treated as
the chiral extrapolation systematic uncertainty.
Another source of the chiral extrapolation systematic uncertainty is the lack of kaon log term in Eq. (25). On 24I,
the valence pion masses ranging from 256 MeV to 391 MeV gives a range of kaon mass from 514 MeV to 554 MeV.
Thus we estimate the maximum kaon mass for the pion mass range in consideration to be MK,max = 554 MeV.
With the usage of SU(3) NLO ChPT [10], the systematic uncertainty from the kaon log term can be given by
1
32pi2F 20
ln
M2K,max
M2K,p
= 0.0026 fm2, in which F0 = 93.3 MeV and MK,p = 493 MeV is the physical kaon mass.
• We repeated the fitting with four free parameters 〈r2pi〉phys, b1, bID2 and bI2 which includes the discretization error
from the Iwasaki gauge action and the prediction changed by 0.0025 fm2. With this fitting, we get a difference
between the fitting predictions in the continuum limit with those from the smallest lattice spacing (32I) to be
0.0018 fm2. We combined these two as the systematic uncertainty of finite lattice spacing.
• With similar systematic analysis for finite volume effects with four free parameters 〈r2pi〉phys, b1, bID2 and b3, the
prediction changed by 0.0058 fm2 and the difference between the fitting predictions in the infinite volume limit
with those from the largest mpiL = 5.8 (32IDh) in our simulation is negligible.
Thus, the final result of the mean square charge radius of the pion at the physical pion mass in the physical limit
reads
〈r2pi〉 = 0.4332(86)stat(72)z-exp(68)fit-range(41)χ(31)a(58)V fm2 = 0.4332(86)(125) fm2, (27)
with statistical error (stat), systematic uncertainty from z-expansion fitting (z-exp), fit-range dependence (fit-range),
chiral extrapolation (χ), finite lattice spacing (a), and finite volume (V). The total uncertainties at heavier pion
masses are estimated from the scale of the total/statistical ratio at the physical pion mass.
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FIG. 13. Pion form factor fpipi(Q
2) on six gauge ensembles at their unitary pion mass with the bands from the chiral extrapolation
fitting. The inner gray error band shows the fitting result and statistical error extrapolated to the physical limit and the outer
band corresponds to the inclusion of the systematic uncertainties from excited-state contaminations, NNLO corrections, chiral
extrapolation, lattice spacing and finite volume dependence.
C. Chiral extrapolation of pion form factor
The fitting result of the chiral extrapolation of the pion form factor with
1
fpipi(Q2)
= 1 +
Q2
6(4piFpi)2
[
l¯6 − ln
m2pi,mix
m2pi,phys
− 1 +R(s)
]
+Q2m2pi,mix(c1 + c2Q
2)
+ c
I/ID
3 a
2Q2 + c
I/ID
4 a
2Q4 +
Q2
(mpi,mixL)3/2
(c5 + c6
Q2
m2pi,mix
)e−MpiL,
(28)
is shown in Fig. 13. We have made a cut of the Q2 ranges used on each ensembles with Q2/m2pi,mix < 13, so that
the current formula can fully describe our data without the need of higher order terms of the ChPT expansion. The
following systematic uncertainties are included in the analysis:
• With a variation of the fit-ranges of 2pt and 3pt on 32I with pion mass 312 MeV we got the form factor at large
momentum transfer fpipi(Q
2 = 0.865 GeV2) = 0.4347(87)(98). Along with previous analysis on 32ID at small
momentum transfer fpipi(Q
2 = 0.051 GeV2) = 0.9158(14)(13), we estimate the systematic uncertainty from the
excited-state contaminations to be equal to the statistical uncertainty of the fitted pion form factors for all
Q2 < 1.0 GeV2.
• Since the c1 and c2 terms are just an estimation of the possible NNLO effects, we estimate the NNLO systematic
uncertainty by setting c1 and c2 in Eq. (28) to be zero and treat the changes as systematic uncertainty from
NNLO corrections.
• The systematic uncertainty from the lack of a kaon log term proposed by SU(3) NLO ChPT is calculated with
Q2
12(4piF0)2
[
ln
M2K,max
m2K,p
]
, (29)
which is the difference between using MK,max and mK,p in the ChPT formula. This is treated as the systematic
uncertainty from chiral extrapolation.
• We use the difference between the fitting predictions in the continuum limit with those from the smallest lattice
spacing (32I) as systematic uncertainty of finite lattice spacing.
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• The systematic uncertainty from finite volume effects is estimated by the difference between the fitting predic-
tions in the infinite volume limit with those from the largest mpiL = 5.8 (32IDh).
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